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Abstract. Many classes of orthogonal polynomials satisfy a specific linearization prop-
erty giving rise to a polynomial hypergroup structure, which offers an elegant and fruitful
link to harmonic and functional analysis. From the opposite point of view, this allows
regarding certain Banach algebras as L1-algebras, associated with underlying orthogonal
polynomials or with the corresponding orthogonalization measures. The individual be-
havior strongly depends on these underlying polynomials. We study the little q-Legendre
polynomials, which are orthogonal with respect to a discrete measure. Their L1-algebras
have been known to be not amenable but to satisfy some weaker properties like right
character amenability. We will show that the L1-algebras associated with the little q-
Legendre polynomials share the property that every element can be approximated by
linear combinations of idempotents. This particularly implies that these L1-algebras are
weakly amenable (i. e., every bounded derivation into the dual module is an inner deriva-
tion), which is known to be shared by any L1-algebra of a locally compact group. As a
crucial tool, we establish certain uniform boundedness properties of the characters. Our
strategy relies on continued fractions, character estimations and asymptotic behavior.
1. Introduction
1.1. Motivation. One of the most famous results of mathematics, the ‘Banach–Tarski
paradox’, states that any ball in d ≥ 3 dimensions can be split into a finite number
of pieces in such a way that these pieces can be reassembled into two balls of the
original size. It is also well-known that there is no analogue for d ∈ {1, 2}, and the
Banach–Tarski paradox heavily relies on the axiom of choice [37]. As soon as one accepts
the axiom of choice, the paradox becomes no longer paradoxical at all; nevertheless,
its proof can be regarded as an essential motivation for a large and important part of
harmonic analysis, dealing with amenability and related concepts. Originally formulated
for groups, in the 1970s amenability notions were extended to Banach algebras (where the
link is provided by the group algebra L1(G) associated with a locally compact group G [11]).
In this paper, we consider Banach algebras which come from orthogonal polynomials
and can be regarded as L1-algebras of certain hypergroups. Our focus will clearly lie on
aspects concerning orthogonal polynomials and Banach algebras, whereas the hypergroup
structure appears just „in the background”; to make the paper more self-contained, and for
the convenience of the reader, the relevant basics will be recalled below (preknowledge on
hypergroups is not required). Moreover, the Banach algebra operations under considera-
tion can be formulated in a rather elementary way via polynomial expansions, avoiding
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2 STEFAN KAHLER
additional hypergroup notation. Roughly speaking, hypergroups generalize locally compact
groups by allowing the convolution of two Dirac measures to be a probability measure
which satisfies certain compatibility and non-degeneracy properties but does not have to be
a Dirac measure again. The precise axioms can be found in [3]; they considerably simplify
if the hypergroup is discrete [24], which will always be the case in this paper.
The paper studies the class of little q-Legendre polynomials (Rn(x; q))n∈N0 , whose defi-
nition will be recalled below and which is interesting for several reasons: on the one hand,
the orthogonalization measures are purely discrete, which makes these polynomials rather
different from their limiting cases q → 1 (which are just the well-known Legendre poly-
nomials). On the other hand, the polynomials (or, more precisely, associated recurrence
coefficients and operators) are accompanied by certain convergence and compactness prop-
erties. We study the characters N0 → C, n 7→ Rn(x; q), where x lies in the support of
the orthogonalization measure. Using methods from continued fractions, we show that the
nontrivial characters satisfy certain uniform boundedness properties. These properties will
enable us to show that the corresponding L1-algebras are spanned by their idempotents,
which has important consequences concerning amenability properties. Besides their role in
abstract harmonic analysis, certain amenability properties here correspond to very concrete
properties of the derivatives of the polynomials (and are therefore interesting with respect
to special functions). The study of amenability properties in the context of (polynomial
or different) hypergroups is a fruitful field; recent publications deal with generalizations of
Reiter’s condition [22] and with Følner type conditions [1], for instance.
1.2. Underlying setting and basics about polynomial hypergroups. We now give a
more detailed description of the underlying setting. Let a0 > 0, b0 < 1, (an)n∈N, (cn)n∈N ⊆
(0, 1) and (bn)n∈N ⊆ [0, 1) satisfy an + bn + cn = 1 (n ∈ N0), where we set c0 := 0, and let
the polynomials (Pn(x))n∈N0 ⊆ R[x] satisfy the three-term recurrence relation P0(x) = 1,
P1(x) = (x− b0)/a0,
P1(x)Pn(x) = anPn+1(x) + bnPn(x) + cnPn−1(x) (n ∈ N). (1.1)
It is obvious that deg Pn(x) = n. Due to Favard’s theorem and well-known uniqueness
results from the theory of orthogonal polynomials [4], (Pn(x))n∈N0 is orthogonal w.r.t. a
unique probability (Borel) measure µ on the real line which satisfies |supp µ| =∞, so∫
R
Pm(x)Pn(x) dµ(x) 6= 0⇔ m = n.
Moreover, (Pn(x))n∈N0 fulfills expansions of the form
Pm(x)Pn(x) =
m+n∑
k=|m−n|
g(m,n; k)Pk(x) (m,n ∈ N0)
with g(m,n; |m − n|), g(m,n;m + n) 6= 0 [24]. Obviously, (Pn(x))n∈N0 is normal-
ized by Pn(1) ≡ 1, so one always has
∑m+n
k=|m−n| g(m,n; k) = 1. It is also well-known
that the zeros of the Pn(x) are real and located in the interior of the convex hull of supp µ [4].
In the following, we always assume that the linearization coefficients g(m,n; k) are non-
negative; according to the literature, we call this condition ‘property (P)’. Given a concrete
orthogonal polynomial sequence, establishing or disproving property (P) can be very chal-
lenging (see [8, 9] concerning Jacobi polynomials, for instance). Property (P) is crucial for
the following link between special functions and harmonic and functional analysis: if one
defines a convolution from N0 × N0 into the convex hull of the Dirac functions on N0 by
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(m,n) 7→ ∑m+nk=|m−n| g(m,n; k)δk, and if one combines this with the identity as involution
N0 → N0, then (Pn(x))n∈N0 induces a commutative discrete hypergroup with unit element
0 on N0.1 These ‘polynomial hypergroups’ were introduced by Lasser [23] and are generally
very different from groups or semigroups. Since property (P) is satisfied by many orthogonal
polynomial sequences (Pn(x))n∈N0 (and since the individual behavior strongly depends on
(Pn(x))n∈N0), there is an abundance of examples. Many concepts of harmonic analysis take
a rather concrete form. As announced above, we briefly recall some basics and, if not stated
otherwise, refer to [23,24].
• If f : N0 → C is an arbitrary function and if n ∈ N0, then the translation Tnf :
N0 → C of f by n reads
Tnf(m) =
m+n∑
k=|m−n|
g(m,n; k)f(k).
If one normalizes the corresponding Haar measure (cf. equation (1.2) below) in such
a way that {0} is mapped to 1, it is just the counting measure on N0 weighted by
the values of the Haar function h : N0 → [1,∞),
h(n) :=
1
g(n, n; 0)
=
1∫
RP
2
n(x) dµ(x)
.
h is also given via
h(0) = 1, h(1) =
1
c1
, h(n+ 1) =
an
cn+1
h(n) (n ∈ N).
For any p ∈ [1,∞), let `p(h) := {f : N0 → C : ‖f‖p < ∞} with ‖f‖p :=
(
∑∞
k=0 |f(k)|ph(k))1/p. Furthermore, let `∞(h) := `∞. If p ∈ [1,∞], f ∈ `p(h)
and n ∈ N0, then Tnf ∈ `p(h). Moreover, if f ∈ `1(h) and n ∈ N0, then
∞∑
k=0
Tnf(k)h(k) =
∞∑
k=0
f(k)h(k). (1.2)
• For f ∈ `p(h) and g ∈ `q(h) with p ∈ [1,∞] and q := p/(p − 1) ∈ [1,∞], the
convolution f ∗ g : N0 → C is defined by
f ∗ g(n) :=
∞∑
k=0
Tnf(k)g(k)h(k).
This convolution is an extension of the hypergroup convolution (see above) and
commutes, i.e., one has f ∗ g = g ∗ f ∈ `∞ [14, 24].2 If f ∈ `1(h), then f ∗ g ∈ `q(h)
with ‖f ∗ g‖q ≤ ‖f‖1 ‖g‖q. Together with ‖.‖1, ∗ and complex conjugation, the set
`1(h) becomes a semisimple commutative Banach ∗-algebra with unit δ0, the ‘L1-
algebra’ associated with (Pn(x))n∈N0 . Acting via convolution, `∞ is the dual module
of `1(h) [25, 28].3
• Let
X b(N0) :=
{
z ∈ C : sup
n∈N0
|Pn(z)| <∞
}
=
{
z ∈ C : max
n∈N0
|Pn(z)| = 1
}
1δ with a subscript shall always denote the corresponding Dirac function.
2We note that results from [14] can also be found in [16].
3In the references [25, 27, 28], which are cited frequently in this paper, the additional assumption b0 ≥ 0
was made, but none of the cited results becomes false if this (meaningless) condition is dropped. Furthermore,
the class studied in this paper satisfies b0 ≥ 0 anyway.
4 STEFAN KAHLER
(where the latter equality is not obvious but always valid), and let N̂0 := X b(N0) ∩
R. X b(N0) corresponds to the structure space ∆(`1(h)) via the homeomorphism
X b(N0) → ∆(`1(h)), z 7→ ϕz, ϕz(f) :=
∑∞
k=0 f(k)Pk(z)h(k) (f ∈ `1(h)). In the
same way, N̂0 is homeomorphic to the Hermitian structure space ∆s(`1(h)). In
particular, X b(N0) and N̂0 are compact subsets of C and R, respectively, which is a
consequence of Gelfand’s theory. Moreover, one has
{1} ∪ supp µ ⊆ N̂0 ⊆ [1− 2a0, 1].
The character αz ∈ `∞\{0} which belongs to z ∈ X b(N0) is given by
αz(n) := Pn(z) (n ∈ N0).
It is easy to see that
Tmαz(n) = αz(m)αz(n) (m,n ∈ N0),
and it is clear that (|αz(n)|)n∈N0 is bounded by 1. αx ∈ `∞\{0} with x ∈ N̂0 is
called a symmetric character.
• For any function f ∈ `1(h), the Fourier transform f̂ : N̂0 → C is given by
f̂(x) =
∞∑
k=0
f(k)Pk(x)h(k).
The Fourier transform f̂ is continuous and satisfies
∥∥∥f̂∥∥∥
∞
≤ ‖f‖1, and the Fourier
transformation (`1(h), ‖.‖1) → (C(N̂0), ‖.‖∞), f 7→ f̂ is continuous and injective.
Furthermore, one has f̂ ∗ g = f̂ ĝ (f, g ∈ `1(h)). By the Plancherel–Levitan theorem,
one has
‖f‖22 =
∥∥∥f̂∥∥∥2
2
=
∫
R
(f̂(x))2 dµ(x) (f ∈ `1(h)).
Finally, there is a (unique) isometric ‘Plancherel isomorphism’ P : (`2(h), ‖.‖2) →
(L2(R, µ), ‖.‖2) extending the Fourier transformation, i.e., f̂ = P(f) (f ∈ `1(h)),
where equality is meant in the L2(R, µ)-sense. The corresponding ‘Plancherel mea-
sure’ is just the orthogonalization measure µ, and the inverse of P reads
P−1(F )(k) =
∫
R
F (x)Pk(x) dµ(x) (F ∈ L2(R, µ), k ∈ N0).
Following Nevai [34], we say that µ ∈ M(1, 0) if limn→∞ an = limn→∞ cn = 0 and
limn→∞ bn = 1.4
1.3. Little q-Legendre polynomials and outline of the paper. We are interested in
the following class: let q ∈ (0, 1). The sequence (Pn(x))n∈N0 =: (Rn(x; q))n∈N0 of little
4We mention that the definition given in [34] is in terms of the recurrence coefficients which are associated
with the orthonormal version of (Pn(x))n∈N0 ; however, relating these recurrence coefficients to (an)n∈N0 ,
(bn)n∈N0 and (cn)n∈N [24, (6.8)] we easily see that Nevai’s definition is equivalent to ours.
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q-Legendre polynomials which corresponds to q is given by
a0 =
1
q + 1
, an = q
n (1 + q)(1− qn+1)
(1− q2n+1)(1 + qn+1) (n ∈ N),
cn = q
n (1 + q)(1− qn)
(1− q2n+1)(1 + qn) (n ∈ N),
bn ≡ 1− an − cn =
{
q
q+1 , n = 0,
(1−qn)(1−qn+1)
(1+qn)(1+qn+1) , else
or, equivalently, via the normalization Rn(1; q) ≡ 1 and the discrete orthogonalization mea-
sure
µ({x}) =
{
qn(1− q), x = 1− qn with n ∈ N0,
0, else.
(1.3)
There is also a basic hypergeometric representation, reading
Rn(x; q) = 2φ1
(
q−n, qn+1
q
∣∣∣∣ q, q − qx) = n∑
k=0
(q−n; q)k(qn+1; q)k
(q; q)k
(q − qx)k
(q; q)k
(n ∈ N0).
Recall that (a; q)0 = 1, (a; q)n =
∏n
k=1(1− aqk−1) (n ∈ N) and (a; q)∞ =
∏∞
k=1(1− aqk−1).
Property (P) is always satisfied, i.e., (Rn(x; q))n∈N0 induces a polynomial hypergroup on
N0. The Haar weights h(n) are of exponential growth and satisfy
h(n) =
1
qn
1− q2n+1
1− q (n ∈ N0), (1.4)
and one has X b(N0) = N̂0 = supp µ = {1} ∪ {1 − qn : n ∈ N0}. These basics are taken
from [19, 24, 27]. Property (P) was studied and established by Koornwinder [20, 21]. The
hypergroup is of ‘strong compact type’ [7], which means that the operator Tn − id is
compact on the space `1(h) for all n ∈ N0 and which yields that α1−qn ∈ `1(h) for every
n ∈ N0 [7, Proposition 2]. Clearly, µ is in the Nevai class M(1, 0).
It is obvious that ‖α1−qn‖22 ≤ ‖α1−qn‖1 for every n ∈ N0. In Section 2, we obtain a
uniform boundedness result on the characters and shall see that there is a constant C > 0
(depending on q) such that ‖α1−qn‖1 ≤ C ‖α1−qn‖22 for all n ∈ N0 (Theorem 2.1). This will
be established via asymptotic behavior and via methods coming from continued fractions,
and it will enable us to show that the linear span of the idempotents is dense in `1(h) in
Section 3 (Theorem 3.1). Hence, we will obtain that `1(h) is weakly amenable (Theorem 4.3),
which means that there are no nonzero bounded derivations from `1(h) into `∞.5 In contrast
to the group case, weak amenability is a rather strong condition on (the L1-algebra of) a
polynomial hypergroup. There are characterizations via properties of the derivatives of the
polynomials, which makes weak amenability also interesting with regard to special functions.
To our knowledge, the little q-Legendre polynomials yield the first example of a polynomial
hypergroup whose L1-algebra is both weakly amenable and right character amenable but
not amenable. Section 4 is devoted to such amenability considerations. In particular, we will
compare the little q-Legendre polynomials to certain polynomials for which weak amenability
was obtained in a very different way in [14], as well as to their limiting cases q → 1, the
Legendre polynomials.
5In Section 4, we will recall amenability notions in more detail, including references.
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2. Character estimations, continued fractions and uniform boundedness
properties
The main result of this section is a kind of uniform boundedness property in terms of
the norms of the characters.
Theorem 2.1. Let q ∈ (0, 1) and Pn(x) = Rn(x; q) (n ∈ N0). Then there is some C > 0
such that
0 < ‖α1−qn‖22 < ‖α1−qn‖1 < C ‖α1−qn‖22 (2.1)
for all n ∈ N0. It is possible to take
C =
1
q
⌈
log 4
log 1
q
−1
⌉
 1
1− q +
1
1− q2
⌈
log 4
log 1
q
−1
⌉
+1
∞∑
k=1
4kq
2
 log 4log 1q −1
+k−1
k
2
 . (2.2)
Theorem 2.1, which is also essential for Theorem 3.1 and Theorem 4.3 in the next sections,
relies on another uniform boundedness result given in Lemma 2.1 below. To motivate this
crucial lemma, observe that the little q-Legendre polynomials (Rn(x; q))n∈N0 are the little
q-Jacobi polynomials (φα,βn (1− x))n∈N0 (cf. [10]) for α = β = 1; hence, [10, (1.6)] yields the
following concerning asymptotics and ratio asymptotics of the characters:
Proposition 2.1. If q ∈ (0, 1) and Pn(x) = Rn(x; q) (n ∈ N0), then
α1−qn(n+ k)
(−1)kq k(k+1)2 (qn+1;q)∞(q;q)∞
→ 1 (k →∞)
for all n ∈ N0. Moreover, for each n ∈ N0 the character α1−qn has at last finitely many
zeros and
α1−qn(n+ k + 1)
α1−qn(n+ k)qk+1
→ −1 (k →∞).
As a trivial consequence of Proposition 2.1, for each n ∈ N0 there is some N ∈ N0 such
that α1−qn(n + k) 6= 0 and
∣∣α1−qn(n+ k + 1)/(α1−qn(n+ k)qk+1)∣∣ < 4 for all k ∈ N0 with
k ≥ N . The announced lemma improves this by showing thatN can be chosen independently
of n (so the order of “∀n ∈ N0” and “∃N ∈ N0” can be changed):
Lemma 2.1. Let q ∈ (0, 1) and Pn(x) = Rn(x; q) (n ∈ N0), and let N ∈ N0 be given by
N :=
⌈
log 4
log 1q
− 1
⌉
.
Then α1−qn(n+ k) 6= 0 and ∣∣∣∣ α1−qn(n+ k + 1)α1−qn(n+ k)qk+1
∣∣∣∣ < 4 (2.3)
for all n ∈ N0 and k ∈ N0 with k ≥ N . For every n ∈ N0, the sequence (α1−qn(n+ k))k≥N
oscillates around its limit 0, i.e.,
α1−qn(n+ k + 1)
α1−qn(n+ k)
< 0 (k ≥ N), (2.4)
and the sequence (|α1−qn(n+ k)|)k≥N is strictly decreasing. Moreover,
|α1−qn(n+N + k)| ≤ 4kq
(2N+k+1)k
2 |α1−qn(n+N)| ≤ 4kq
(2N+k+1)k
2 (2.5)
for all n ∈ N0 and k ∈ N0.
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The following auxiliary result is needed for the proof of Lemma 2.1.
Lemma 2.2. Let q ∈ (0, 1) and Pn(x) = Rn(x; q) (n ∈ N0). Let
N :=
⌈
log 4
log 1q
− 1
⌉
and, for all n, k ∈ N0,
An(k) :=
[bk+1 − P1(1− qn)][bk+2 − P1(1− qn)]
ak+1ck+2
and
Bn(k) :=
[bn+k+1 − P1(1− qn)]qk
cn+k+1
.
Then
An(n+ k) > 4 (2.6)
and
Bn(k) >
1
2q
(2.7)
for all n ∈ N0 and k ∈ N0 with k ≥ N . Moreover,
lim
k→∞
Bn(k) =
1
q
. (2.8)
Proof. For any n, k ∈ N0, we decompose An(k) = Cn(k)Dn(k) with
Cn(k) :=
bk+1 − P1(1− qn)
ak+1
,
Dn(k) :=
bk+2 − P1(1− qn)
ck+2
.
For every k ∈ N0, one has
bk+2 − bk+1 = (1− q
k+2)(1− qk+3)
(1 + qk+2)(1 + qk+3)
− (1− q
k+1)(1− qk+2)
(1 + qk+1)(1 + qk+2)
=
=
2qk+1(1− q2)(1− qk+2)
(1 + qk+1)(1 + qk+2)(1 + qk+3)
>
> 0
and
ak+1
ck+2
− 1 = 1− q
2k+5
q(1− q2k+3) − 1 =
(1− q)(1 + q2k+4)
q(1− q2k+3) > 0.
Hence, we see that
Cn(k) < Dn(k)
provided n, k ∈ N0 are such that Cn(k) ≥ 0; so concerning (2.6) it suffices to show that
Cn(n+ k) ≥ 2 for all n ∈ N0 and k ∈ N0 with k ≥ N . This is indeed true because, for any
n, k ∈ N0, a tedious calculation yields
(1− q2n+2k+3)(1 + qn+k+1)(1 + qn+k+2)an+k+1
q2n+k+2
[
Cn(n+ k)−
(
1
qk+1
− 2
)]
=
= 2q(1− qk+1) + (2 + qn+k+1 + qn+k+2)(1− q2n+2k+3) + qk(2− q2n+k+2 − q2n+k+4) >
> 0
and therefore
Cn(n+ k) >
1
qk+1
− 2;
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by definition of N , the right-hand side of the latter inequality is ≥ 2 for all k ≥ N . By
another tedious calculation, we obtain
(1− q2n+2k+2)(1 + qn+k+2)
qn+k(1 + qn+k+1)
[
Bn(k)− 1− 2q
k+1
q
]
=
= 2(1− qk+1) + qn+k+2(1− q2n+2k+3) + qk+2(2− q2n+k+1 − q2n+k+2) >
> 0
and consequently
Bn(k) >
1− 2qk+1
q
for all n, k ∈ N0, which implies the second assertion (2.7) because the right-hand side of the
latter inequality is ≥ 12q as soon as k ≥ N . The calculation above also yields (2.8). 
We now come to the proof of Lemma 2.1. It is based on a “reverse induction” argument, on
asymptotic behavior and on a suitable application of Worpitzky’s theorem [31] on continued
fractions: let (sn)n∈N0 ⊆ C be a sequence such that
|sn| ≤ 1
4
for all n ∈ N0. Then Worpitzky’s theorem states that the continued fraction
1
1 +
s0
1 +
s1
1 +
. . .
converges and is an element of the closed disk {z ∈ C : |z − 4/3| ≤ 2/3}.
Proof (Lemma 2.1). For any n, k ∈ N0, let An(k) and Bn(k) be defined as in Lemma 2.2.
Let n ∈ N0 be fixed. Due to Proposition 2.1, there is some M ∈ N0, M ≥ N , such that
α1−qn(n+ k) 6= 0 for all k ∈ N0 with k ≥M . Let (φn,k)k≥M be defined by
φn,k := −Bn(k)α1−q
n(n+ k + 1)
α1−qn(n+ k)qk
= − [bn+k+1 − P1(1− q
n)]Pn+k+1(1− qn)
cn+k+1Pn+k(1− qn) .
By Proposition 2.1 and Lemma 2.2, we have
lim
k→∞
|φn,k| = 1,
so M can be chosen such that
0 < |φn,k| < 3/2
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for all k ∈ N0 with k ≥ M ≥ N , which shall be assumed from now on. By the recurrence
relation (1.1), we have
φn,k+1 = − [bn+k+2 − P1(1− q
n)]Pn+k+2(1− qn)
cn+k+2Pn+k+1(1− qn) =
= −
[bn+k+2 − P1(1− qn)] [P1(1−q
n)−bn+k+1]Pn+k+1(1−qn)−cn+k+1Pn+k(1−qn)
an+k+1
cn+k+2Pn+k+1(1− qn) =
=
[bn+k+1 − P1(1− qn)][bn+k+2 − P1(1− qn)]
an+k+1cn+k+2
×
(
1 +
cn+k+1Pn+k(1− qn)
[bn+k+1 − P1(1− qn)]Pn+k+1(1− qn)
)
=
= An(n+ k)
(
1− 1
φn,k
)
(k ≥M).
(2.9)
We now define (ψn,k)k≥N via the continued fractions
ψn,k :=
1
1−
1
An(n+k)
1−
1
An(n+k+1)
1− . . .
.
Due to Lemma 2.2, which implies that 0 < 1/An(n + k) < 1/4 for all k ∈ N0 with k ≥ N ,
and due to Worpitzky’s theorem, all of these continued fractions converge and are elements
of the interval [2/3, 2]. In particular, (ψn,k)k≥N is a sequence of positive reals which is
bounded by 2, and the construction yields
ψn,k+1 = An(n+ k)
(
1− 1
ψn,k
)
(k ≥ N). (2.10)
Comparing (2.9) and (2.10), we obtain
|φn,k+1 − ψn,k+1| = An(n+ k)
∣∣∣∣φn,k − ψn,kφn,kψn,k
∣∣∣∣ (k ≥M), (2.11)
so
|φn,k+1 − ψn,k+1| ≥ An(n+ k)
3
|φn,k − ψn,k| (k ≥M)
and consequently
7
2
> |φn,M+k+1 − ψn,M+k+1| ≥ |φn,M − ψn,M |
k∏
j=0
An(n+M + j)
3
(k ∈ N0).
Since An(n+M + j)/3 > 4/3 for all j ∈ N0 and consequently
k∏
j=0
An(n+M + j)
3
→∞ (k →∞),
this enforces that φn,M = ψn,M . We now claim that α1−qn(n+ k) 6= 0 and
ψn,k = −Bn(k)α1−q
n(n+ k + 1)
α1−qn(n+ k)qk
for all k ∈ N0 with k ≥ N . Once the claim is proven, we have∣∣∣∣Bn(k)α1−qn(n+ k + 1)α1−qn(n+ k)qk
∣∣∣∣ ≤ 2 (2.12)
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for all k ∈ N0 with k ≥ N ; in view of (2.12), equation (2.3) then follows with Lemma 2.2,
and (2.5) is immediate from (2.3). Also (2.4) is immediate from Lemma 2.2 and the claim,
and the sequence (|α1−qn(n+k)|)k≥N is strictly decreasing by (2.3) and the definition of N .
In view of (2.11), the claimed assertion is clear for all k ∈ N0 with k > M . Hence, we use
induction to show that α1−qn(n+M − k) 6= 0 and
ψn,M−k = −Bn(M − k) α1−q
n(n+M − k + 1)
α1−qn(n+M − k)qM−k (2.13)
for all k ∈ {0, . . . ,M − N}. We already know that this is true for k = 0, so let k ∈
{0, . . . ,M − N} be arbitrary but fixed and assume that k + 1 ∈ {0, . . . ,M − N}, that
α1−qn(n+M − k) 6= 0 and that (2.13) holds true for k, so
ψn,M−k = − [bn+M−k+1 − P1(1− q
n)]Pn+M−k+1(1− qn)
cn+M−k+1Pn+M−k(1− qn) .
Due to (2.10) and the three-term recurrence relation (1.1), we have
0 <
1
ψn,M−k−1
=
= 1− ψn,M−k
An(n+M − k − 1) =
= 1 +
an+M−kPn+M−k+1(1− qn)
[bn+M−k − P1(1− qn)]Pn+M−k(1− qn) =
= − cn+M−kPn+M−k−1(1− q
n)
[bn+M−k − P1(1− qn)]Pn+M−k(1− qn) =
= − 1
Bn(M − k − 1)
α1−qn(n+M − k − 1)qM−k−1
α1−qn(n+M − k) ,
which implies that α1−qn(n+M − k − 1) 6= 0 and that k + 1 satisfies (2.13). 
We need two further lemmas:
Lemma 2.3. Let q ∈ (0, 1) and Pn(x) = Rn(x; q) (n ∈ N0). For every n ∈ N0, we have
‖α1−qn‖22 =
1
qn(1− q) .
Proof. The proof of [3, Proposition 2.5.1] yields
α̂1−qn
‖α1−qn‖22
= δ1−qn .
Consequently,
1
‖α1−qn‖22
=
∥∥∥∥∥ α̂1−qn‖α1−qn‖22
∥∥∥∥∥
2
2
=
∫
R
δ21−qn(x) dµ(x) = µ({1− qn}) = qn(1− q)
by the Plancherel–Levitan theorem and (1.3). 
Lemma 2.4. Let q ∈ (0, 1) and Pn(x) = Rn(x; q) (n ∈ N0). Then
n∑
k=0
h(k) =
1
1− q
[
1− q
n+1(2− qn − qn+1)
1− q2n+1
]
h(n) <
h(n)
1− q
for all n ∈ N0.
Proof. (1.4) and a simple induction on n show the equality, and the inequality is clear. 
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Proof (Theorem 2.1). The first inequality in (2.1) is clear. The second inequality is clear
with “≤” for all n ∈ N0, and equality can never hold for otherwise one would have α1−qn(k) ∈
{0, 1} for all k ∈ N0, contradicting Proposition 2.1. Let n ∈ N0, and let
N :=
⌈
log 4
log 1q
− 1
⌉
.
It is obvious from (1.4) that
h(m+ k)
h(m)
<
1
qk
1
1− q2m+1 (m, k ∈ N0). (2.14)
Using (2.14), we decompose and estimate
‖α1−qn‖1 =
∞∑
k=0
|α1−qn(k)|h(k) =
=
n+N∑
k=0
|α1−qn(k)|h(k) +
∞∑
k=1
|α1−qn(n+N + k)|h(n+N + k) ≤
≤
n+N∑
k=0
h(k) +
h(n+N)
1− q2n+2N+1
∞∑
k=1
|α1−qn(n+N + k)|
qk
≤
≤
n+N∑
k=0
h(k) +
h(n+N)
1− q2N+1
∞∑
k=1
|α1−qn(n+N + k)|
qk
.
Applying Lemma 2.1 and Lemma 2.4, we obtain
‖α1−qn‖1 < h(n+N)
[
1
1− q +
1
1− q2N+1
∞∑
k=1
4kq
(2N+k−1)k
2
]
︸ ︷︷ ︸
=:C˜
; (2.15)
note that the series in (2.15) is convergent in R. Finally, Lemma 2.3, (2.14) and (1.4) yield
‖α1−qn‖1
‖α1−qn‖22
< (1− q)C˜h(n+N)qn < 1− q
1− q2N+1 C˜h(N) =
1
qN
C˜
and we obtain the explicit bound
1
qN
[
1
1− q +
1
1− q2N+1
∞∑
k=1
4kq
(2N+k−1)k
2
]
for {‖α1−qn‖1 / ‖α1−qn‖22 : n ∈ N0}, which establishes (2.2). 
3. Density of idempotents
In this short section, we exploit Theorem 2.1 to establish the density of the linear span
of the idempotent elements in the Banach algebra `1(h).
Theorem 3.1. Let q ∈ (0, 1) and Pn(x) = Rn(x; q) (n ∈ N0). Then `1(h) is spanned by its
idempotents (in the sense that the linear span of the idempotents is dense in `1(h)).
Before coming to the proof of Theorem 3.1, we provide a characterization of the idempo-
tents of `1(h) (q ∈ (0, 1), Pn(x) = Rn(x; q)). In the following, let
n :=
1
h(n)
δn = P−1(Pn) (n ∈ N0).
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It has already been observed in [3, Proposition 2.5.1] that α1−qn/ ‖α1−qn‖22 is an idempotent
and
α̂1−qn
‖α1−qn‖22
= δ1−qn (3.1)
for every n ∈ N0 (cf. the proof of Lemma 2.3). Let f ∈ `1(h) be an idempotent. Then,
for each n ∈ N0, f̂(1 − qn) ∈ {0, 1}; moreover, f̂(1) ∈ {0, 1}. We now distinguish two
cases: if f̂(1) = 0, then the continuity of f̂ implies that there exists an N ∈ N0 such that
f̂(1 − qn) = 0 whenever n > N . In the second case, i.e., if f̂(1) = 1, the same argument
yields the existence of an N ∈ N0 such that f̂(1− qn) = 1 whenever n > N . Therefore, due
to (3.1) and the injectivity of the Fourier transformation, f is of the form
f =
N∑
n=0
λn
α1−qn
‖α1−qn‖22
or
f = 0 −
N∑
n=0
λn
α1−qn
‖α1−qn‖22
,
where N ∈ N0 and λ0, . . . , λN ∈ {0, 1}. Furthermore, every f ∈ `1(h) which is of
this form is an idempotent, which is a consequence of Shilov’s idempotent theorem or
can be seen more elementarily from (3.1) and particularly the fact that two idempotents
α1−qm/ ‖α1−qm‖22 , α1−qn/ ‖α1−qn‖22, m,n ∈ N0 with m 6= n, are orthogonal, i.e.,
α1−qm
‖α1−qm‖22
∗ α1−qn‖α1−qn‖22
= 0.
Proof (Theorem 3.1). Let k ∈ N and
fk :=
∞∑
n=0
̂0 − k(1− qn) α1−q
n
‖α1−qn‖22
. (3.2)
For each n ∈ N0, one has
|̂0 − k(1− qn)| = |P0(1− qn)− Pk(1− qn)| =
= |1− Pk(1− qn)| =
= |Pk(1)− Pk(1− qn)| ≤
≤ max
x∈[0,1]
|P ′k(x)|qn
by the mean value theorem. Thus, in view of Theorem 2.1, the series on the right-hand side
of (3.2) is absolutely convergent in `1(h) (and ‖fk‖1 < C/(1− q) ·maxx∈[0,1] |P ′k(x)|, where
C > 0 is as in Theorem 2.1). It is obvious from (3.1) and the continuity of the Fourier
transformation that f̂k = ̂0 − k. Therefore, we obtain
k = 0 − fk
from the injectivity of the Fourier transformation and have shown that k is in the ‖.‖1-
closure of the linear span of the idempotents of `1(h). Since the linear span of {k : k ∈ N0}
is dense in `1(h), this yields the assertion. 
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4. Amenability properties
Let us recall some basics concerning amenability properties in a Banach algebraic context:
let A be a Banach algebra, and let D be a linear mapping from A into a Banach A-bimodule
X (i.e., a Banach space which is also an A-bimodule and acts continuously [5]). Moreover,
let ϕ be an element of the structure space ∆(A). D is called
• derivation if D(ab) = a ·D(b) +D(a) · b (a, b ∈ A),
• inner derivation if D(a) = a · x− x · a (a ∈ A) for some x ∈ X,
• point derivation at ϕ if X = C and D(ab) = ϕ(a)D(b) + ϕ(b)D(a) (a, b ∈ A)
[5]. A is called
• amenable if for every Banach A-bimodule X every bounded derivation into the dual
module X∗ is an inner derivation [11],
• weakly amenable if every bounded derivation into A∗ is an inner derivation [12],
• ϕ-amenable if for every Banach A-bimoduleX such that a·x = ϕ(a)x (a ∈ A, x ∈ X)
every bounded derivation from A into the dual module X∗ is an inner derivation [18],
• right character amenable if A is ϕ-amenable for every ϕ ∈ ∆(A) and A has a bounded
right approximate identity [17,33].
It is well-known that if there is some ϕ ∈ ∆(A) such that a nonzero bounded point derivation
exists at ϕ, then A is neither ϕ-amenable [18, Remark 2.4] nor weakly amenable [5, Theorem
2.8.63]. If A is commutative, then A is weakly amenable if and only if there exists no nonzero
bounded derivation from A into the dual module A∗ [2]. The connection to amenability
in the group sense is as follows: for any locally compact group G, G is amenable if and
only if the group algebra L1(G) is amenable [11]. It was shown in [17] that right character
amenability of L1(G) characterizes amenability of G, too. However, nonzero bounded
point derivations can never exist on L1(G); even more, L1(G) is always weakly amenable [13].
If one directly generalizes amenability in the group sense (i.e., the existence of a
left-invariant mean on L∞(G)) to polynomial hypergroups, one obtains a property which
is always satisfied due to the commutativity of these hypergroups [36, Example 3.3 (a)];
similarly, it is well-known that every Abelian locally compact group is amenable. However,
concerning general sequences (Pn(x))n∈N0 as in Section 1 (where property (P) is supposed
to be satisfied) and the corresponding Banach algebras `1(h), the amenability properties
recalled above are rather strong conditions.
There are several general results on amenability properties of `1(h) [14,16,25–28,30,35,38].
If h(n) → ∞ (n → ∞), then `1(h) is not amenable [25, Theorem 3]. If µ is absolutely
continuous (w.r.t. the Lebesgue–Borel measure on R) and the Radon–Nikodym derivative µ′
is absolutely continuous (as a function) on [min supp µ,max supp µ], then `1(h) is not weakly
amenable [14, Theorem 2.2]. We call `1(h) ‘point amenable’ if there is no x ∈ N̂0 such that
there is a nonzero bounded point derivation at ϕx; in view of the above, point amenability
is necessary for both right character amenability and weak amenability.6 For every x ∈ N̂0,
there exists a nonzero bounded point derivation at ϕx if and only if {P ′n(x) : n ∈ N0} is
bounded [27, Theorem 1]. It is also possible to characterize weak amenability by properties
6We do not consider point derivations w.r.t. ϕ ∈ ∆(`1(h))\∆s(`1(h)); however, the class of little q-
Legendre polynomials which is studied in this paper satisfies ∆(`1(h))\∆s(`1(h)) = ∅ anyway (because
X b(N0) = N̂0 for this class, cf. Section 1). ‘Point amenability’ in our sense must not be confused with
‘pointwise amenability’ considered in [6].
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of the derivatives P ′n(x); if one defines (κn)n∈N0 ⊆ c00 via κ0 := 0 and
P ′n(x) =
n−1∑
k=0
κn(k)Pk(x)h(k), κn(k) := 0 (k ≥ n)
for n ∈ N, or, equivalently, by
κn = P−1(P ′n) (n ∈ N0),
then [25, Theorem 2] (or [28, Theorem 2]) states the following:
Theorem 4.1. `1(h) is weakly amenable if and only if {‖κn ∗ ϕ‖∞ : n ∈ N0} is unbounded
for all ϕ ∈ `∞\{0}.
The coefficients κn are also interesting with regard to characterization results on specific
classes of orthogonal polynomials [15,29].7 If one defines (n)n∈N0 by
n :=
1
h(n)
δn = P−1(Pn)
again, [25, Proposition 1] (or [28, Proposition 2]) yields the following:8
Proposition 4.1. Let D : `1(h)→ `∞ be a continuous derivation. Then
D(n) = a0κn ∗D(1) (n ∈ N0).
Since the κn and the g(m,n; k) (hence the convolution ∗) are often not explicitly avail-
able9, it may be very difficult to apply the unboundedness criterion provided by Theorem 4.1.
Moreover, Theorem 4.1 involves the whole space `∞ but many tools of harmonic analysis
are restricted to proper subspaces. Based on Theorem 4.1 and considering the orthonormal
polynomials
pn(x) =
√
h(n)Pn(x) (n ∈ N0),
in [14, Theorem 2.3] we found a sufficient criterion which involves absolute continuity w.r.t.
the Lebesgue–Borel measure on R:
Theorem 4.2. If each of the conditions
(i) {‖κn ∗ ϕ‖∞ : n ∈ N0} is unbounded for all ϕ ∈ `∞\O(n−1),
(ii) µ is absolutely continuous, supp µ = [−1, 1], µ′ > 0 a.e. in [−1, 1],
(iii) h(n) = O(nα) (as n→∞) for some α ∈ [0, 1),
(iv) supn∈N0
∫
Rp
4
n(x) dµ(x) <∞
holds, then `1(h) is weakly amenable.
Applying Theorem 4.2, we obtained examples such that `1(h) is weakly amenable but
fails to be right character amenable, cf. [16, Section 2.5] (an explicit example will be recalled
at the end of the section; see B) below). The related question whether there are examples
such that `1(h) is both weakly amenable and right character amenable but not amenable
can be answered positively via little q-Legendre polynomials: if Pn(x) = Rn(x; q) (n ∈ N0)
for some q ∈ (0, 1), then `1(h) is not amenable since h(n) → ∞ (n → ∞) (1.4). However,
`1(h) is right character amenable [28, p. 792] (and therefore point amenable [27, Example
3]). In [16], we conjectured that `1(h) is weakly amenable. It is clear that Theorem 4.2
cannot be applied because both (ii) and (iii) are violated, which is an obvious consequence
7Results which are cited from [15] can also be found in [16].
8We note at this stage that our sequence (κn)n∈N0 coincides with the sequence which was considered
originally in [25, 28] only up to the constant factor a0; this does not affect the validity of Theorem 4.1 but
causes the additional factor a0 in Proposition 4.1.
9In particular, we are not aware of helpful explicit formulas for the class of little q-Legendre polynomials.
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of (1.3) and (1.4) (concerning (iv), see Corollary 4.3 below). However, weak amenability is
an immediate consequence of Theorem 3.1:
Theorem 4.3. Let q ∈ (0, 1) and Pn(x) = Rn(x; q) (n ∈ N0). Then `1(h) is weakly
amenable.
Proof. This follows from Theorem 3.1 and the fact that every commutative Banach algebra
which is spanned by its idempotents is also weakly amenable [5, Proposition 2.8.72]. Al-
ternatively, there is a slightly more straightforward variant which avoids both Theorem 3.1
and [5, Proposition 2.8.72] but is also based on Theorem 2.1: in a more explicit way than
in the proof of Theorem 3.1 (because an explicit computation of ̂0 − 1(1− qn) is simple),
we see that
1 = 0 −
∞∑
n=0
̂0 − 1(1− qn)︸ ︷︷ ︸
=(q+1)qn
α1−qn
‖α1−qn‖22
is in the ‖.‖1-closure of the linear span of the idempotents of `1(h). Now let D : `1(h)→ `∞
be a continuous derivation. Since D must be zero on the idempotents [5, Proposition 1.8.2],
we first conclude that D(1) = 0, and then, applying Proposition 4.1, that D(n) = 0 for all
n ∈ N0. Since the linear span of {n : n ∈ N0} is dense in `1(h), we get D = 0. Hence, `1(h)
is weakly amenable. 
Corollary 4.1. There exist polynomial hypergroups on N0 such that `1(h) is weakly
amenable and right character amenable but not amenable: for all q ∈ (0, 1), (Rn(x; q))n∈N0
has the desired properties.
Proof. Immediate from Theorem 4.3 and the preliminary remarks. 
Theorem 4.3 is interesting concerning the derivatives of the little q-Legendre polynomials.
As recalled above, the point amenability (which was already obtained in [27, Example 3])
yields that the set {P ′n(x) : n ∈ N0} is unbounded for every x ∈ {1} ∪ {1 − qn : n ∈ N0}
(provided Pn(x) = Rn(x; q) (n ∈ N0), q ∈ (0, 1)). In [14], we (generally) reformulated this
property via the sequence (κn)n∈N0 ; applied to the little q-Legendre polynomials, we obtain
the unboundedness of {‖κn ∗ ϕ‖∞ : n ∈ N0} for all ϕ ∈ {αx : x ∈ {1}∪{1− qn : n ∈ N0}} (
`∞\{0}. If we combine Theorem 4.3 with Theorem 4.1, this improves to the following result:
Corollary 4.2. Let q ∈ (0, 1) and Pn(x) = Rn(x; q) (n ∈ N0). Then {‖κn ∗ ϕ‖∞ : n ∈ N0}
is unbounded for all ϕ ∈ `∞\{0}.
In view of Theorem 4.1, every polynomial hypergroup with weakly amenable `1(h) must
necessarily satisfy condition (i) of our sufficiency criterion Theorem 4.2. We find the following
concerning the remaining conditions of Theorem 4.2:
Corollary 4.3. There exist polynomial hypergroups on N0 such that `1(h) is weakly
amenable but all of the conditions (ii), (iii) and (iv) of Theorem 4.2 are violated: for all
q ∈ (0, 1), (Rn(x; q))n∈N0 has the desired properties.
Proof. Let q ∈ (0, 1) and Pn(x) = Rn(x; q) (n ∈ N0). It is only left to show that (iv) is
violated. Let (fn)n∈N0 ⊆ c00 be defined by
fn := P−1(p2n),
and assume that supn∈N0
∫
Rp
4
n(x) dµ(x) <∞. Since
‖fn‖22 =
∫
R
p4n(x) dµ(x)
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(Plancherel–Levitan), the set {‖fn‖22 : n ∈ N0} is bounded, so there has to be a subsequence
(fnj )j∈N0 and a function f ∈ `2(h) such that (fnj )j∈N0 is weakly convergent to f in the
Hilbert space `2(h). In particular, (fnj )j∈N0 converges pointwise to f . However, by general
convergence results on the Nevai class M(1, 0) [34, Lemma 4.2.9, Theorem 4.2.10] we obtain
that
fn(k) = P−1(p2n)(k) =
∫
R
p2n(x)Pk(x) dµ(x)→ Pk(1) = 1 (n→∞)
for all k ∈ N0, so (fn)n∈N0 converges pointwise to the trivial character α1 ≡ 1. Hence, we
get α1 ∈ `2(h). This is a contradiction, however, because
‖α1‖22 =
∞∑
k=0
|α1(k)|2h(k) =
∞∑
k=0
h(k) =∞
(by the same argument, ‖α1‖22 =∞ holds true for any polynomial hypergroup). 
If q is sufficiently small, it can be seen in a more elementary way (avoiding both [34,
Lemma 4.2.9, Theorem 4.2.10] and weak compactness) that condition (iv) of Theorem 4.2
is violated: as a consequence of [10, (2.7)], one has
(−1)nq−n(n+1)2
(q; q)2n
Pn(1− qn) =
n∑
k=0
(q−n; q)n−kqk
2
(q; q)2k(q; q)
2
n−k
(n ∈ N0). (4.1)
Moreover, [10, (2.1)] gives the transformation
(q−n; q)n−k = (−1)n−kq
(k−n)(n+k+1)
2
(q; q)n
(q; q)k
(n ∈ N0, k ∈ {0, . . . , n}). (4.2)
Combining (4.1) and (4.2), we get
Pn(1− qn) =
n∑
k=0
(−1)k (q; q)
3
nq
k(3k+1)
2
(q; q)3k(q; q)
2
n−k
(n ∈ N0). (4.3)
Now using the estimation
(q; q)3nq
k(3k+1)
2
(q; q)3k(q; q)
2
n−k
≤ q
k(3k+1)
2
(q; q)5∞
and applying Lebesgue’s dominated convergence theorem to (4.3), we obtain that
limn→∞ Pn(1− qn) exists with
lim
n→∞Pn(1− q
n) = (q; q)∞
∞∑
k=0
(−1)k q
k(3k+1)
2
(q; q)3k︸ ︷︷ ︸
=:γk
. (4.4)
Since
γk+1
γk
=
q3k+2
(1− qk+1)3 (k ∈ N0),
(γk)k∈N0 is strictly decreasing if q is sufficiently small (which shall be assumed from now
on), and (4.4) and the classical Leibniz criterion imply that
lim
n→∞Pn(1− q
n) ≥ (q; q)∞(γ0 − γ1) > 0. (4.5)
Since, via (1.3) and (1.4),∫
Rp
4
n(x) dµ(x)
h(n)
= h(n)
∫
R
P 4n(x) dµ(x) ≥ h(n)P 4n(1− qn)qn(1− q) = (1− q2n+1)P 4n(1− qn),
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(4.5) implies that
lim inf
n→∞
∫
Rp
4
n(x) dµ(x)
h(n)
≥ (q; q)4∞(γ0 − γ1)4 > 0.
Since h(n) → ∞ (n → ∞) (1.4), this implies that ∫Rp4n(x) dµ(x) → ∞ (n → ∞); hence,
condition (iv) of Theorem 4.2 is violated.
Besides the non-applicability of Theorem 4.2 to the class of little q-Legendre polynomials
as a whole, it is interesting to observe that also the principal underlying ideas do not work
for this class (which was already observed in [16]): the proof of Theorem 4.2 given in [14]
relies on the sequence (Fn)n∈N0 ⊆ c00,
Fn :=
1
n+ 1
n∑
k=0
P−1(p2k),
which (under the conditions of Theorem 4.2) converges in an appropriate sense to a limiting
function F ∈ `2(h) which carries adequate information of the underlying orthogonal
polynomial sequence; this convergence arises from an increasingly rapid “oscillation” of
the polynomials p2n(x) around a certain weak limit (as n increases), or, more precisely,
due to a strong convergence result for the arithmetic means which can be found in [32].
Moreover, the proof of Theorem 4.2 crucially relies on a density argument concerning
the linear span of {TmF : m ∈ N0}. However, for the little q-Legendre polynomials the
sequence (Fn)n∈N0 converges pointwise to the trivial character α1 ≡ 1 (cf. the proof of
Corollary 4.3). This means a “loss of information” in two ways: on the one hand, α1 is not
specific to the little q-Legendre polynomials anymore. On the other hand, the linear span
of {Tmα1 : m ∈ N0} = {α1} is one-dimensional and therefore inappropriate for analogous
density arguments.
These considerations show that, despite the weak amenability of `1(h), the harmonic
analysis of the little q-Legendre polynomials is very different from polynomials which fit in
Theorem 4.2. Concerning the latter, explicit examples are given by certain Jacobi polyno-
mials (see [14, Section 3]); to illustrate differences to the little q-Legendre polynomials in
some more detail, we consider the following two specific cases: let (Pn(x))n∈N0 ⊆ R[x] be
defined by P0(x) = 1, P1(x) = x and
P1(x)Pn(x) = (1− cn)Pn+1(x) + cnPn−1(x) (n ∈ N)
with either
A) cn ≡ 1/2 (Chebyshev polynomials of the first kind)
or
B) cn ≡ 2n/(4n+ 1) (ultraspherical polynomials corresponding to the parameter −1/4).
In both cases, the conditions of Theorem 4.2 are fulfilled (see the proof of [14, Corollary 3.1])
and `1(h) is therefore weakly amenable. However, in A) `1(h) is even amenable [25, Corol-
lary 3] [38, Proposition 5.4.4], whereas in B) `1(h) fails to be right character amenable [28, p.
792]. Concerning a comparison to the little q-Legendre polynomials, recall that the latter
yield non-amenable but right character amenable `1(h).
Theorem 4.3 is also interesting when comparing the little q-Legendre polynomials to their
limiting cases, which are the Legendre polynomials (Λn(x))n∈N0 . One has
lim
q→1
Rn(x; q) = Λn(2x− 1) (n ∈ N0, x ∈ R),
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where (Λn(x))n∈N0 is orthogonal w.r.t. the absolutely continuous measure χ(−1,1)(x) dx and
Λ0(x) = 1, Λ1(x) = x and
Λ1(x)Λn(x) =
n+ 1
2n+ 1
Λn+1(x) +
n
2n+ 1
Λn−1(x) (n ∈ N)
[19,24]. Comparing the L1-algebra which corresponds to (Rn(x; q))n∈N0 with the L1-algebra
which corresponds to (Λn(x))n∈N0 (of course, the latter is identical with the L1-algebra that
corresponds to (Λn(2x − 1))n∈N0 because the linearization coefficients g(m,n; k) coincide),
one obtains that the behavior w.r.t. point amenability and amenability coincides (see [25,
27,28] concerning these amenability properties for (Λn(x))n∈N0), whereas the behavior w.r.t.
weak amenability and right character amenability differs and the two latter properties get
lost when passing to the limit q → 1 (see [25,26,28] concerning (Λn(x))n∈N0).
References
[1] M. Alaghmandan, Amenability notions of hypergroups and some applications to locally compact groups,
Math. Nachr. 290 (2017), no. 14-15, 2088–2099. MR 3711772
[2] W. G. Bade, P. C. Curtis, Jr., and H. G. Dales, Amenability and weak amenability for Beurling and
Lipschitz algebras, Proc. London Math. Soc. (3) 55 (1987), no. 2, 359–377. MR 896225
[3] W. R. Bloom and H. Heyer, Harmonic analysis of probability measures on hypergroups, De Gruyter
Studies in Mathematics, vol. 20, Walter de Gruyter & Co., Berlin, 1995. MR 1312826
[4] T. S. Chihara, An introduction to orthogonal polynomials, Gordon and Breach Science Publishers, New
York-London-Paris, 1978, Mathematics and its Applications, Vol. 13. MR 0481884
[5] H. G. Dales, Banach algebras and automatic continuity, London Mathematical Society Monographs.
New Series, vol. 24, The Clarendon Press, Oxford University Press, New York, 2000, Oxford Science
Publications. MR 1816726
[6] H. G. Dales and R. J. Loy, Approximate amenability of semigroup algebras and Segal algebras, Disser-
tationes Math. 474 (2010), 58. MR 2760649
[7] F. Filbir, R. Lasser, and R. Szwarc, Hypergroups of compact type, J. Comput. Appl. Math. 178 (2005),
no. 1-2, 205–214. MR 2127880
[8] G. Gasper, Linearization of the product of Jacobi polynomials. I, Canadian J. Math. 22 (1970), 171–175.
MR 257433
[9] , Linearization of the product of Jacobi polynomials. II, Canadian J. Math. 22 (1970), 582–593.
MR 264136
[10] M. E. H. Ismail and J. A. Wilson, Asymptotic and generating relations for the q-Jacobi and 4ϕ3
polynomials, J. Approx. Theory 36 (1982), no. 1, 43–54. MR 673855
[11] B. E. Johnson, Cohomology in Banach algebras, American Mathematical Society, Providence, R.I.,
1972, Memoirs of the American Mathematical Society, No. 127. MR 0374934
[12] , Derivations from L1(G) into L1(G) and L∞(G), Harmonic analysis (Luxembourg, 1987),
Lecture Notes in Math., vol. 1359, Springer, Berlin, 1988, pp. 191–198. MR 974315
[13] , Weak amenability of group algebras, Bull. London Math. Soc. 23 (1991), no. 3, 281–284.
MR 1123339
[14] S. Kahler, Orthogonal polynomials and point and weak amenability of `1-algebras of polynomial hy-
pergroups, Constr. Approx. 42 (2015), no. 1, 31–63, DOI: https://doi.org/10.1007/s00365–014–9246–2.
MR 3361450
[15] , Characterizations of ultraspherical polynomials and their q-analogues, Proc. Amer. Math. Soc.
144 (2016), no. 1, 87–101, DOI: https://doi.org/10.1090/proc/12640. MR 3415579
[16] , Characterizations of Orthogonal Polynomials and Harmonic Analysis on Poly-
nomial Hypergroups, Dissertation, Technische Universität München, 2016, http://nbn-
resolving.de/urn/resolver.pl?urn:nbn:de:bvb:91-diss-20160530-1289608-1-3.
[17] E. Kaniuth, A. T. Lau, and J. Pym, On character amenability of Banach algebras, J. Math. Anal.
Appl. 344 (2008), no. 2, 942–955. MR 2426323
[18] , On φ-amenability of Banach algebras, Math. Proc. Cambridge Philos. Soc. 144 (2008), no. 1,
85–96. MR 2388235
[19] R. Koekoek, P. A. Lesky, and R. F. Swarttouw, Hypergeometric orthogonal polynomials and their q-
analogues, Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2010, With a foreword by
Tom H. Koornwinder. MR 2656096
HARMONIC ANALYSIS OF LITTLE q-LEGENDRE POLYNOMIALS 19
[20] T. H. Koornwinder, Positive convolution structures associated with quantum groups, Probability mea-
sures on groups, X (Oberwolfach, 1990), Plenum, New York, 1991, pp. 249–268. MR 1178988
[21] , Discrete hypergroups associated with compact quantum Gel′fand pairs, Applications of hyper-
groups and related measure algebras (Seattle, WA, 1993), Contemp. Math., vol. 183, Amer. Math. Soc.,
Providence, RI, 1995, pp. 213–235. MR 1334779
[22] V. Kumar, Orlicz Spaces and Amenability of Hypergroups, Bull. Iranian Math. Soc. 46 (2020), no. 4,
1035–1043. MR 4125943
[23] R. Lasser, Orthogonal polynomials and hypergroups, Rend. Mat. (7) 3 (1983), no. 2, 185–209.
MR 735062
[24] , Discrete commutative hypergroups, Inzell Lectures on Orthogonal Polynomials, Adv. Theory
Spec. Funct. Orthogonal Polynomials, vol. 2, Nova Sci. Publ., Hauppauge, NY, 2005, pp. 55–102.
MR 2130515
[25] , Amenability and weak amenability of l1-algebras of polynomial hypergroups, Studia Math. 182
(2007), no. 2, 183–196. MR 2338484
[26] , On α-amenability of commutative hypergroups, Infinite dimensional harmonic analysis IV,
World Sci. Publ., Hackensack, NJ, 2009, pp. 184–195. MR 2581596
[27] , Point derivations on the L1-algebra of polynomial hypergroups, Colloq. Math. 116 (2009),
no. 1, 15–30. MR 2504831
[28] , Various amenability properties of the L1-algebra of polynomial hypergroups and applications,
J. Comput. Appl. Math. 233 (2009), no. 3, 786–792. MR 2583017
[29] R. Lasser and J. Obermaier, A new characterization of ultraspherical polynomials, Proc. Amer. Math.
Soc. 136 (2008), no. 7, 2493–2498. MR 2390518
[30] R. Lasser and E. Perreiter, Homomorphisms of l1-algebras on signed polynomial hypergroups, Banach
J. Math. Anal. 4 (2010), no. 2, 1–10. MR 2606478
[31] L. Lorentzen and H. Waadeland, Continued fractions with applications, Studies in Computational Math-
ematics, vol. 3, North-Holland Publishing Co., Amsterdam, 1992. MR 1172520
[32] A. Máté, P. Nevai, and V. Totik, Strong and weak convergence of orthogonal polynomials, Amer. J.
Math. 109 (1987), no. 2, 239–281. MR 882423
[33] M. S. Monfared, Character amenability of Banach algebras, Math. Proc. Cambridge Philos. Soc. 144
(2008), no. 3, 697–706. MR 2418712
[34] P. Nevai, Orthogonal polynomials, Mem. Amer. Math. Soc. 18 (1979), no. 213, v+185. MR 519926
[35] E. Perreiter, L1-algebras on commutative hypergroups: structure and properties arising
from harmonic analysis, Dissertation, Technische Universität München, 2011, http://nbn-
resolving.de/urn/resolver.pl?urn:nbn:de:bvb:91-diss-20111215-1081519-1-0.
[36] M. Skantharajah, Amenable hypergroups, Illinois J. Math. 36 (1992), no. 1, 15–46. MR 1133768
[37] S. Wagon, The Banach-Tarski paradox, Cambridge University Press, Cambridge, 1993, With a foreword
by Jan Mycielski, Corrected reprint of the 1985 original. MR 1251963
[38] S. Wolfenstetter, Jacobi-Polynome und Bessel-Funktionen unter dem Gesichtspunkt der harmonischen
Analyse, Dissertation, Technische Universität München, 1984.
Department of Mathematics, Chair for Mathematical Modelling, Technical University of
Munich, Boltzmannstr. 3, 85747 Garching b. München, Germany
Lehrstuhl A für Mathematik, RWTH Aachen University, 52056 Aachen, Germany
E-mail address: stefan.kahler@mathA.rwth-aachen.de
